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Abstract. We consider the Poisson reduced space {T*Q)/K with respect to 
a cotangent lifted action. It is assumed that X is a compact Lie group which 
acts by isometrics on the Riemannian manifold Q and that the action on Q is 
of single isotropy type. Realizing (T*Q)/K as a Weinstein space we determine 
the induced Poisson structure and its symplectic leaves. We thus extend the 
Weinstein construction for principal fiber bundles to the case of surjective 
Riemannian submersions Q —» Q/ K. 



1. Introduction 

The present paper deals with Poisson reduction of a cotangent bundle T*Q with 
respect to a Hamiltonian action by a compact Lie group K that comes as the 
cotangent lifted action from the configuration manifold Q. We assume that Q is 
Riemannian and K acts on Q by isometrics. Further, we suppose that Q is of 
single isotropy type, i.e., Q — Q{h) for some subgroup H of K. Then the orbit 
space Ql K is a smooth manifold. However, in the presence of non-trivial isotropy, 
H ^ {e}, on the configuration space Q one gets a non-trivial isotropy lattice on 
T*Q, whence {T*Q)/K cannot be a smooth manifold. The cotangent bundle T*Q 
is equipped with its canonical symplectic form, and we have a standard momentum 
map ^l : T*Q i*. 

In Hochgerner stratified symplectic reduction of T*Q was studied under these 
assumptions. In particular, the following result was proved, following an approach 
that is generally called Weinstein construction: Let O be a coadjoint orbit lying 
in the image of the standard momentum map ^. Then each smooth symplectic 
stratum {T* Q / / qK) of the reduced space can be globally realized as 

(W//oif)(L) - T*{Q/K) Xq,k {U^eqO n knnt,)(L)/K 

where 

W (Q Xq/^ T*{QIK)) Xq U.egAnnt, - T*Q 

as symplectic manifolds with a Hamiltonian /^-action. Moreover, the reduced sym- 
plectic structure in terms intrinsic to this realization was computed. These results 
were applied to Calogero-Moser systems with spin associated to polar representa- 
tions of compact Lie groups. 

In the above setting the reduced space T*Q/K is a (singular) Poisson space in a 
natural way. The underlying theorem due to Ortega and Ratiu |20j is presented in 
13.21 The goal of this paper is to determine the reduced Poisson bracket on T*Q/K. 
In Section 13 we give the necessary background from singular geometry. 
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Section0]presents the basic setting and the prerequisites of the paper, in particular, 
recaUing from Hochgerner |14, the construction of the Weinstein space W and the 
intrinsic symplectic structure on it. 

Finally, in Section [3 we compute the reduced gauged Poisson bracket on the Wein- 
stein realization W /K of T*Q/K. This is done by determining the Poisson bracket 
on W via the symplectic structure intrinsic to this space and then using the iden- 
tification C°° (yV / K) = C°°(W)^. In particular, it will be important to introduce 
a suitably chosen linear connection A on the bundle 

W^Qxq/k T*{Q/K). 

The formula for the reduced Poisson bracket on W/K will involve the canonical 
Poisson structure on T*{Q/K), the pairing of a curvature term associated to the 
mechanical connection A on Q — > Q/K (see Section 0J| with the appropriate point 
of IJ^ggAnntg, and the Lie bracket of the fiber derivatives on Ugeg^i^i^^?- 
Note that this result generalizes the formula for the reduced Poisson bracket on 
T*Q/K presented in Zaalani j35j and in Perlmutter and Ratiu |24| for the case 
that K acts on Q freely. 

In Section 1^1 we compute the symplectic leaves of the reduced space W/if, and in 
Section 13 we give examples of our constructions. 



2. Conventions 

Let K he a. Lie group acting on a manifold M . In fact, we will only be concerned 
with the case where K is compact, M is Riemannian, and K acts on M through 
isometries, i.e. M is a Riemannian iiT-space. The action will be written as I : 
K X M ^ M, {k,x) ^ l{k,x) = lk{x) ~ l^{k) — k.x. Sometimes the action will be 
lifted to the tangent bundle TM. That is, we will consider h.{x,v) :— {h.x, h.v) := 
Tlh.[x,v) — {lh{x),Txlh-v) where {x,v) € TM. As the action is a transformation 
by a diffeomorphism it may also be lifted to the cotangent bundle. This is the 
cotangent lifted action which is defined by h.{x,p) := {h.x,h.p) := T*lh-{x,p) = 
{h.x,TlJh-i.p) where {x,p) G T*M. 

The FUNDAMENTAL VECTOR FIELD is going to repeatedly play an important role. 
It is defined by 

Cx{x) := §-^y{eM+tX),x) = TJ^X) 

where X e 6. The fundamental vector field mapping I X{M), X is a Lie 

algebra anti-homomorphism. By definition the flow of is given by ?cxp(tx)- 
If the action by K on M is proper, in the sense that K x M ^ M x M, {k,x) i-^ 
{x,l{k,x)) is a proper mapping, then we have the Slice and Tube Theorem at our 
disposal. Properness is automatic for compact K. An exposition of these facts can 
be found in Palais and Terng 23 or Ortega and Ratiu (21], for example. 
Let H he a, subgroup of K. A point a; G M is said to be of isotropy or ORBIT 
TYPE H if its isotropy group = {k € K : k.x = x} is conjugate to H within K 
for which we shall write ^ H. The family of subgroups of K conjugate to H 
within K is denoted by (H) and called the CONJUGACY CLASS of H. We wiU deal 
with the ISOTROPY or orbit type SUBMANIFOLD M(^h^ := {x e M : Kx ^ H} of 
type H, the set Mh ■= {x e M : ^ H} of points that have symmetry type 
H, and the set Fix{H) := -.^ {x & M : H C K^} of points that are fixed by 
H. Then M(^h) is a submanifold of M, Fix{H) is a totally geodesic submanifold of 
M, and Mh is an open submanifold of Fix{H). 
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If (Af , uj) is a symplectic manifold we define the associated Poisson bracket and 
Hamiltonian vector field by 



where /, 5 £ C°°{M). This choice of sign is compatible with that in j^T]. It is, 
however, not universal. 



3.1. Singular spaces and smooth structures. First we introduce the Whitney 
condition (b) which will be necessary in the definition of Whitney stratified spaces 
- see Definition 13.81 We follow the approach of Mather ^2] . 

Definition 3.1 (Whitney condition (6) in R"). Let X, Y be disjoint sub-manifolds 
of R" with dimX = r. The pair {X, Y) is said to satisfy CONDITION (&) AT y e F if 
the following is true. Consider sequences {xi)i, {yi)i in X, F, respectively, such that 
Xi y and yi y. Assume that T^^X converges to some r-plane r C TyR" = R", 
and that the lines spanned by the vectors yi — Xi converge - in RP"~^ - to some 
line lew = Tj,R". Then I C r. The pair (X, Y) satisfies condition (6) if it does 
so at every y £Y . 

Obviously condition (&) behaves well under diffeomorphisms in the following sense: 
for i = 1,2 consider pairs {Xi,Yi) in R", points yi G Yi, open neighborhoods 
Ui C R" of yi, and a diffeomorphism (f> : Ui U2 sending yi to 2/2 and satisfying 
(f){Ui n Xi) = C/2 n X2 as well as (j){Ui n Yi) = ;72 n 1^2- Thus it makes sense to 
formulate this condition for manifolds. 

Definition 3.2 (Whitney condition (6)). Let M be a manifold and X,Y disjoint 
sub-manifolds. Now {X,Y) is said to satisfy condition (6) if the following holds 
for aU y €Y. Let {U, (p) be a chart around y. Then the pair {(^{X n U), ^(F n U)) 
satisfies condition {h) at 4>{y)- 

By the above this definition is independent of the chosen chart in the formulation. 

Example 3.3. Consider M = ~ {{x,y,z)} with Y the z-axis, and X = 
{{x,y,z) : y^ + x^ — z^x^ = 0} \ F. Then the pair {X,Y) satisfies condition (6) 
at all points in Y except at = 0. Notice that we can refine the decomposition of 
M as {X,Y \ {0}, {0}). Now all pairs in this finer decomposition satisfy condition 



Let X be a para-compact and second countable topological Hausdorff space, and 
let (/, <) be a partially ordered set. 

Definition 3.4 (Decomposed space). An /-decomposition of X is a locally finite 
partition of X into smooth manifolds Si, i € I which are disjoint (but may consist 
of finitely many connected components with differing dimension), and satisfy: 

(i) Each Si is locally closed in X; 



The third condition is called condition of the frontier. The manifolds Si are 
called STRATA or pieces. In the case that j < i one often writes Sj < Si and calls 
Sj INCIDENT to Si or says Sj is a boundary piece of Si. 

We define the dimension of a manifold consisting of finitely many connected com- 
ponents to be the maximum of the dimensions of the manifold's components. 



{/,g}=a;(V7,V-) = -V7(g) 



3. Singular geometry 



(&). 



□ 



(ii) x = Ue/^.; 
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The DIMENSION of the decomposed space X is defined as 

dim X :— sup dim Si 

and we will only be concerned with spaces where this supremum is attained. 
The DEPTH OF THE STRATUM Si of the decomposed space X is defined as 

depth Si := sup{l G N : there are strata Sig = Si, Si-^, . . . , S'i, 

such that Sig < . . . < Si^}, 

Notice that depth Si is always finite; indeed, else there would be an infinite family 
{Sj)j£j with Sj > Si thus making any neighborhood of any point in Si meet all of 
the Sj which contradicts local finiteness of the decomposition. The depth of X is 

depth X := sup {depth 5'i : i G /}. 

Thus, if X consists of just one stratum, then depth X = 0. From the frontier 
condition we have that depth 5*^ < dimX — dimS'i, and also depth X < dimX. 
A simple example for a decomposed space is a manifold with boundary with big 
stratum the interior and small stratum the boundary. Also manifolds with cor- 
ners are decomposed spaces in the obvious way. Likewise the cone CM :— [M x 
[0, oo))/(A/ X {0}) over a manifold M is a decomposed space, the partition being 
that into cusp and open cylinder M x (0, oo). 

The following definition of singular charts and smooth structures on singular spaces 
is due to Pflaum [221 Section 2]. 

Definition 3.5 (Singular charts). Let X = Uie/ t'e a decomposed space. A 
SINGULAR CHART {U, ip) with patch U an open subset of X is to satisfy the following. 

(i) il)(U) is locally closed in R"; 

(ii) ■)/):[/—> ?/'([/) is a homeomorphism; 

(iii) For every stratum Si that meets U the restriction il}\Sir\U : SiOU -(/'(S'^nJ/) 
is a diffeomorphism onto a smooth sub-manifold of R" . 

Two singular charts -0 : [/ ^ R" and (j) : V ~* E™ are called compatible at x e 
UnV ii there is an open neighborhood W of x in U HV , a number N > max {n, to}, 
and a diffeomorphism / : Wi W2 between open subsets of R such that: 

W 




i^{W)—-^6{W) 

r\ f\tj>{W) rs 



R^ < -iWi > W^2^ > 

It follows that f\'<p{W) : i}{W) (f>{W) is a homeomorphism. Further, for all strata 
S that meet W the restriction f\i^{W n 5*) : ip{W nS) ^ (j){W n S*) is a diffeomor- 
phism of sub-manifolds of R^. The charts (t/, -0) and {V, (j)) are called compatible 
if they are so at every point of the intersection UHV. It is straightforward to check 
that compatibility of charts defines an equivalence relation. 

A family of compatible singular charts on X such that the union of patches covers 
all of X is called a singular atlas. Two singular atlases are said to be compatible 
if all charts of the first are compatible with all charts of the second. Again it is 
clear that compatibility of atlases forms an equivalence relation. 
Let 21 be a singular atlas on X. Then we can consider the family of all singular 
charts that belong to some atlas compatible with 2t to obtain a maximal atlas Stmax- 
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Definition 3.6 (Smooth structure). Let X — [J^^j Si be a decomposed space. A 
maximal atlas 2t on X is called a SMOOTH structure on the singular space X. A 
continuous function f : X ^ M. is said to be SMOOTH if the following holds. For all 
charts -0 : [/ — > R" of the atlas 21 there is a smooth function F : M" M such that 
f\U = F o tfj. The set of all smooth functions on X is denoted by C°°{X). 
A continuous map f : X ^ Y between decomposed spaces with smooth structures 
is called smooth if f*C°°{Y) C C°°{X). An isomorphism F : X ^ Y between 
decomposed spaces is a homeomorphism that is smooth in both directions and maps 
strata of X diffeomorphically onto strata of Y. 

The smooth structure thus defined on decomposed spaces is in no way intrinsic 
but is a structure that is additionally defined to do analysis on decomposed spaces. 
Also a smooth map f : X Y between decomposed spaces need not at all be 
strata preserving. 

Definition 3.7 (Cone space). A decomposed space X ~ Uie/ '^i called a CONE 
SPACE if the following is true. Let xq E X arbitrary and S the stratum passing 
through Xq. Then there is an open neighborhood U of xq in X, there is a decom- 
posed space L with global chart -0 : L ^ 5'^^ C m', and furthermore there is an 
isomorphism of decomposed spaces 

F -.U ^ (U nS) X CL 

such that F{x) = {x,c) for all x E U nS. Here CL ^ {L x [0,oo))/(L x {0}) is 
decomposed into the cusp c on the one hand, while the other pieces are of the form 
stratum of L times (0,00). Thus we can take ^ : CL R', [(2,^)] 1-^ t'ip{z) as a 
global chart on CL thereby defining a smooth structure on CL whence also on the 
product iUnS)x CL. 

The space L is called a link, and the chart F is referred to as a CONE chart or 
also LINK chart. Of course, the link L depends on the chosen point xq G X. 

An example for a cone space is the quadrant Q := {{x,y) eR^ : x > and y > 0}. 
A typical neighborhood of G Q is of the form {{x, y) : < x < r and < y < r}. 
The link with respect to the point then is the arc L :— {(cos (p, sin (f) : < tp < ^} ■ 
More generally manifolds with corners carry the structure of cone spaces. 

Definition 3.8 (Stratified spaces). Let X C R™ be a subset and assume that X is 
a decomposed space, i.e. X = IJjgj Si, and that the strata Si be sub-manifolds of 
M™. The /-decomposed space X is said to be (Whitney) stratified if all pairs 
{Si, Sj) with i > j satisfy condition (6) - see Definition 13. 21 For sake of convenience 
we will simply say stratified instead of Whitney stratified. 

Theorem 3.9. Let X C R™ be a subset of a Euclidean .space and assume that 
X = J Si is decomposed. Then X is stratified if and only if X is a cone space. 

Proof. It is proved in Pflaum 27 that every (Whitney) stratified space is also a 
cone space. 

An outline of the converse direction is given in Sjamaar and Lerman '301 Section 
6], and also in Goresky and MacPherson Section 1.4]. This argument makes 
use of Mather's control theory as introduced in Mather jJHj as well as Thom's First 
Isotopy Lemma. □ 

The above theorem depends crucially on the fact that the decomposed space X can 
be regarded as a subspace of some Euclidean space. As this assumption will always 
be satisfied in the present context we will take the words cone space and stratified 
space to be synonymous. In fact, Sjamaar and Lerman j5D| take cone space to be 
the definition of stratified space. 
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Example 3.10. As an example consider a compact Lie group K acting by isome- 
trics on a smooth Riemannian manifold M. We are concerned with the orbit 
projection tt : A/ — > M/K and endow the orbit space with the final topology with 
respect to the projection map. For basics on compact transformation groups see 
Bredon 7 , Palais and Terng 23 , or Hochgerner jl4, Section 7] . Fix a point G M 
with isotropy group K^^ = H . The slice representation is then the action by H 
on Nor3;(j (ii'.xo) = Txo{K.xq)^. By the Tube Theorem there is a X-invariant open 
neighborhood U of the orbit K.xq such that K y. h V = U as smooth if -spaces 
where V is an TJ-invariant open neighborhood of in 'Hovx^X-^-^o)- 
Now let p = (pi, . . . be a Hilbert basis for the algebra Vo\y{y)^ of //-invariant 
polynomials on V . That is, pi, . . . is a finite system of generators for Poly(F)^. 
The Theorem of Schwarz [23 Theorem 1] now says that p* : C°° (M'') C°° {V)" is 
surjective. Moreover, the induced mapping q : V/H R'^ is continuous, injective, 
and proper. See also Michor [TU). 

Consider the isotropy type sub-manifolds M(^h) which is the manifold of all points of 
M whose isotropy subgroup is conjugate to H within K. These give a i^T-invariant 
decomposition of M as M = U(ff) ^{H) where (H) runs through the isotropy lattice 
of the iiT-action on M. We thus get a decomposition of the orbit space 

M/K=\Jm^h)/K 

where again (iJ) runs through the isotropy lattice of the A'-action on M. It is 
well-known (e.g. Palais and Terng that this decomposition renders M/K a 
decomposed space. 

Now a theorem of Pflaum |26[ Theorem 5.9] says that the induced mapping -ip : 
U/K —> as defined in the dia gram 

U — Xh V 



U/K ^-^ V/H « V 

\ 

X 1 

1p \ 

R'' 

is a typical singular chart around the point K.xq in the orbit space. Further- 
more, the smooth functions with respect to this smooth structure are {M / K) = 
C°°{M)^ , i.e. none other than the if-invariant smooth functions on M: indeed, 
by Schwarz' Theorem we have 

whence C°°{U)^ = C°°{U/K). Finally, the decomposition of M/K by orbit types 
turns the orbit space into a stratified space with smooth structure. 
Note that Bierstone 0] showed that the semi-analytic stratification of the orbit 
space p(V) of a linear if-space V coincides with its stratification by components 
of sub-manifolds of given isotropy type. Here K is a compact Lie group and p is 
a Hilbert basis as above. Further, the semi-analytic stratification of p{V) satisfies 
Whitney's condition (b). □ 

3.2. Singular Poisson reduction. Let if be a Lie group acting properly on a 
smooth manifold M. We equip the orbit space M/K with the quotient topology 
with respect to the canonical projection tt : M M/K. The set of smooth 




SINGULAR POISSON REDUCTION OF COTANGENT BUNDLES 



7 



functions on M / K is defined by the requirement that tt is a smooth map, i.e., 
C°°{M/K) := {/ e C°{M/K) : / o tt e C°°{M)}. 

Theorem (Singular Poisson reduction). Let (M, {•,■}) be a Poisson manifold, K 
a Lie group, and let I : K x M M be a smooth proper Poisson action, i.e., 
^lif^g) = hlf^^la} for f,g^ C°°(M) and k £ K. Then we have: 

(i) The pair (C°°(M/ii'), {•, -j*^/^) is a Poisson algebra, where the Poisson 
bracket {-j-}*^^^ is characterized by {f,g}^^^ ° tt — {f o ir^g o tt}, for 
any f,g € C°°{M/K), and tt : M — > M/K denotes the canonical smooth 
projection. 

(ii) Let h G C°°{M)^ be a K -invariant function on M . The flow ¥\t of the 
Hamiltonian vector field associated to h commutes with the K -action, so it 
induces a flow Fl^^^^ on M/K which is Poisson and is characterized by 
the identity tt o Flf = Flf^^"'^ o tt. 

(iii) The flow Fl*^^^ is the unique Hamiltonian flow defined by the function 
H G C°° {M / K) which is given by H o tt — h. 

Proof. This is due to Ortega and Ratiu [211 ■ '-' 

If, in particular, K is a compact Lie group acting by isometries on a smooth Rie- 
mannian manifold M, then by the Tube Theorem 123 and Schwarz' Theorem 
we may identify C°°{M/K) with C°°(Af)^, the set of if- invariant smooth functions 
on M . See Example 13 . 1 01 for details. 

Definition 3.11 (Poisson stratified space). Let X be a stratified space endowed 
with a smooth structure in the sense of Subsection 13.11 Then X is said to be a 
SINGULAR Poisson space if there is a Poisson bracket 

{•, •} : C°°(X) X C°°{X) — > C°°(X) 

on the algebra of smooth functions determined by the smooth structure such that 
the inclusion of each stratum 5 ^ X is a Poisson morphism. In particular, the 
strata S are Poisson manifolds in the usual sense. 

An alternative definition of a singular Poisson space in terms of a stratified Poisson 
bivector is given by Pflaum |26| . 

Proposition 3.12 (Reduced Poisson structure). Let (M, {•, •}) be a Poisson man- 
ifold, K a compact Lie group, and let K act on M by Poisson morphisms. Then 
{M/K, {•, - j^^/^) is a singular Poisson space. 

Proof. By Example 13 . 1 01 the algebra C°° [M / K) is indeed determined by a smooth 
structure on M/K . Thus it only remains to check that the inclusion of each stratum 
M(^H)/K ^ M/K is a Poisson morphism. This is, however, obvious. □ 

3.3. Singular fiber bundles. 

Definition 3.13 (Singular fiber bundles). Let F and P be stratified spaces (Def- 
inition with smooth structure (Definition and M be a smooth manifold. 
We say that the topological fiber bundle 

> P M 

is a SINGULAR FIBER BUNDLE if for cach triviafizing patch U C M the homcomor- 
phism 

P\U = U X F 
is an isomorphism of stratified spaces. 
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There are two reasons for defining singular fiber bundles in this way. Firstly, it is 
the kind of structure encountered in Hochgerner ITli., Theorem 5.5], and secondly by 
Mather's control theory ^H] these bundles possess many features similar to ordinary 
smooth fiber bundles. Some of these aspects are presented in the subsections below. 
Note that if M is a Riemannian manifold which is acted upon by a compact Lie 
group K through isometries then the orbit projection mapping M M/K is, in 
general, not a singular fiber bundle according to this definition. Indeed, the fiber 
type of M ^ M/K need not be locally constant. 

Lemma 3.14. Let n : P ^ AI be a singular fiber bundle with typical fiber F. Let 
S be a stratum of P. Then t:\S : S M is a smooth fiber bundle. 

Proof. Indeed, locally the stratum S is diffeomorphic to U x Sp where Sp is a 
stratum of F and [/ is a trivializing neighborhood in M . □ 

Definition 3.15 (Singular symplectic fiber bundles). Let F and P be stratified 
symplectic spaces (i.e. singular Poisson spaces with smooth symplectic strata such 
that the inclusion mappings are Poisson morphisms) with smooth structure and M 
be a smooth symplectic manifold. We say that the singular fiber bundle 

F^ > P M 

is a SINGULAR SYMPLECTIC FIBER BUNDLE if for each trivializing patch U C M 
the homeomorphism 

P\U = U X F 

is an isomorphism of stratified symplectic spaces with respect to the inherited sym- 
plectic structures. It follows, in particular, that tt is a Poisson morphism. 

3.4. Control data. The theory of control data is due to Mather jTS|, and we follow 
in our presentation of the subject that of ^Hl- Let iV be a smooth manifold, and 
X C N sl stratified subset endowed with the relative topology with strata Si where 
i e / as in Subsection l3.f I 

A TUBULAR NEIGHBORHOOD of a Stratum Si in X is a closed neighborhood of Si 
in N which is diffeomorphic to an inner product bundle iTi : Ei ^ Si. Via the inner 
product we can measure the vertical distance of a point in Ei to Si and call this 
the tubular neighborhood function pi : Ei ^ M. Clearly, pi{x) = if and only if 
X ^ Si. We can also think of the tubular neighborhood as being retracted onto Si 
via the projection iTi. Control data associated to the stratification {Si : i £ L} 
of X is a system of tubular neighborhoods iVi : Ei ^ Si satisfying the following 
commutation relations: 

(tTj o tt,){x) = TTjix), and (pj o TTi){x) = pj{x) 

whenever j < i and both sides are defined. 

Proposition 3.16. Suppose there exist control data to the stratification {Si : i €z 1} 
of X . If M is another manifold, and f : N M a smooth mapping such that 
f\Si : Si — !■ M is a submersion for all i £ I then the control data may be chosen so 
that f\Si o T:g. = / for all i E I . 

Proof See Mather [TSI Proposition 7.1]. □ 

If / : ^ M is as in Proposition 13.161 then / is said to be a controlled 
SUBMERSION from X to M. 

By a STRATIFIED VECTOR FIELD 77 On X we mean a collection {r]i : i G 1} where 
each rji is a smooth vector field on Si . Assume we are given a system of control data 
associated to the stratification of X, and identify the tubular neighborhoods of the 
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strata with the corresponding inner product bundles. Then the stratified vector 
field 77 on X is said to be a controlled vector field if the following conditions 
are met. For any stratum Sj there is an open neighborhood Bj of Sj in the tubular 
neighborhood Ej such that for any stratum Si with i > j the conditions 

^n.iPjl^j ^ = 0' ^-iid Tx{Trj\Bj n Si).r]i{x) = 77^(77^(3;)) 
are satisfied for all x G Bj D Si . 

Let J be an open neighborhood of {0} x X in M x X, and assume that a : J ^ X 
is a local one-parameter group which is smooth in the sense of Definition 13.61 We 
say that a generates the stratified vector field 77 if J is maximal such that each 
stratum Si is invariant under a and ■^\oa{t, x) = yii{x) for all x £ Si and all i & I. 

Proposition 3.17. Assume rj is a controlled vector field on X. Then there is a 
unique smooth one-parameter group which generates rj. 



Proof. See Mather [HI Proposition 10.1]. □ 

Proposition 3.18. Assume f : N M is a smooth map such that f\X : X ^ M 
is a controlled surjective submersion. Then the following are true. 

• Let be a smooth vector field on M. Then there is a controlled vector field 
rj on X such that rji and ^ are f\Si-related for all i G I . 

• Suppose further that f\X : X M is a proper map. Then f\X : X M 
is a singular fiber bundle. 



Proof. See Mather jl8l Proposition 9.1] for the first statement. Concerning the 
second assertion, Proposition 11.1] states that under these assumptions the 
mapping f\X : X M is locally topologically trivial, and it follows from |18[ 
Corollary 10.3] that the trivializing homeomorphisms are, in fact, isomorphisms of 
stratified spaces. Thus f\X : X ^ M is a. singular fiber bundle in the sense of 
Definition EISl □ 



3.5. Pullback bundles. Let M and Y be smooth manifolds, and let r : y ^ M 
be a smooth mapping. Consider a singular fiber bundle tt : X — > M with typical 
fiber F as in Definition 13.131 We consider further the topological pullback bundle 
of X and Y over M with the following notation. 



X XmY 



Y 



^X 



M 



Now we can endow X x ^ y with the product stratification given by strata of the 
form S XmY which is the smooth fibered product of a stratum S oi X with Y 
over M. Note that S XmY is a well defined pull back bundle by Lemma 13.141 
Moreover, X XmY inherits a smooth structure in the sense of Subsection 13 . II from 
the canonical topological inclusion X XmY '-^ X xY . The singular space with 
smooth structure thus obtained is called the fibered product of X and Y over 
M . Since tt : X ^ M is a singular fiber bundle it follows that t*-k : X XmY ^Y 
is a singular fiber bundle as well with the same typical fiber F . Moreover, this 
construction satisfies the following universal property. Let Z he a singular space 
with smooth structure and fi : Z — > X, /2 : Z —> Y he smooth mappings satisfying 
TT o = T o /2. Then there is a unique smooth map / = (/i,/2) such that the 
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following commutes. 



Z 




M 



Therefore, in this sense, pull backs exist in the category of singular fiber bundles. 
There is, in fact, a similar notion of pull backs in the work of Davis |10|. 

4. Mechanical connection and Weinstein construction 

Suppose that Q is a Riemannian manifold, and K is a compact Lie group which 
acts on Q by isometrics. Moreover, Q is assumed to be of single isotropy type, i.e. 
Q = Q{H) where H is an isotropy subgroup of K. The i^T-action then induces a 
Hamiltonian action on the cotangent bundle T*Q by cotangent lifts. This means 
that the lifted action respects the canonical symplectic form ^ — —dQovLT*Q and 
there is a momentum map [i : T*Q — > ?* given by {iJ,{q,p), X) = 0(Cx = 
{p, Cx{q)) where {q,p) G T*Q, X & is the fundamental vector field associated 

to the if-action on Q, and Cx'^^ X{T*Q) is the fundamental vector field associated 
to the cotangent lifted action. 

4.1. Mechanical connection. Since the iiT-action on Q has only a single isotropy 
type, the orbit space Q/ K is a smooth manifold, and the projection n : Q ^ Q/K is 
a surjective Riemannian submersion with compact fibers. However, the lifted action 
by K on T*Q is already much more complicated, and the quotient space (T*Q)/K 
is only a stratified space in general. Its strata are of the form {T*Q)(^^/K where 
(L) is in the isotropy lattice oi T*Q. 

The vertical sub-bundle of TQ with respect to tt : Q ^ Q/K is Ver kerTTr. 
Via the if-invariant Riemannian metric we obtain the horizontal sub-bundle as 
Hor := Ver^. We define the dual horizontal sub-bundle of T*Q as the sub-bundle 
Hor* consisting of those co-vectors that vanish on all vertical vectors. Likewise, 
we define the dual vertical sub-bundle of T*Q as the sub-bundle Ver* consisting of 
those CO- vectors that vanish on all horizontal vectors. 

We choose and fix a iiT-invariant inner product on i. For X,Y i and q E Q we 
define lq{X,Y) :— {Cx (q) , Cy (q)) and caU this the inertia tensor. This gives 
a non-degenerate pairing on x whence it gives an identification Iq : ^ 
(J^)* = Anntq. We use this isomorphism to define a one- form on Q with values in 
the bundle UgeQ^g" ^y the following: 

T*Q^^Anniq 

if,)-' 

Here the isomorphism TqQ —>■ T*Q is obtained via the iiT- invariant Riemannian 
metric on Q. See Smale or Marsden, Montgomery, and Ratiu 16, Section 
2]. The form A shaU be called the mechanical connection on Q Q/K. It 
has the following properties. It follows from its definition that TQ — » U^eg^g^i 
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{q,v) I— > {q,Aq{v)) is equivariant, ker Aq ~ Tq{K.q)^, and Aq{(x{q)) = X for all 

X e ij^. 

This means that A e ^^{Q]i) given by A : TQ ^ 6^ ^ 6, {q,v) k-^ is a 

principal connection form on the if-manifold Q in the sense of Alekseevsky and 
Michor |j21 Section 3.1]. According to |21 Section 4.6] the curvature form associated 
to A is defined by 

Curv^ := dA - \[A, A]"" 

where 

[ip, ll)\^{vi, Vl+k) ■■= ^ ^sign(T[(p(-D^i, . . .,Val), Ipiv^^i + i^,. . .,V„Q+k))] 

a 

is the graded Lie bracket on n{Q- 1) r(A'=r*Q ® 1), and v? G ^KQ] i) and 

ip £ r2'^(Q;6). The minus in the definition of Curv'* emerges, since we are dealing 
with left actions. The form Curv^ is called the mechanical curvature. 

Proposition 4.1 (Properties of Curv"^). Let Zi, Z2 G t and v, w horizontal vector 
fields on Q with respect to the orbit projection tt : Q ^ Q/K. Then: 

(i) Curv^(Cz,,fe)('Z) Ge,. 

(ii) Curv^(«,CzJ(g) =0. 

(iii) Curv^(i;,w)(g) £ . 

Moreover, the form Curv"^ : h?TQ — > J is K -equivariant, Ad(/i).Curv'^(u, = 
C\xw^{v,w){q) for all h G Kq, and Curv"^ drops to a well defined form 

Curv^ e ^\Q/K- {Uq^Q¥\^{Kq) n 1^)IK) 

where Fix(i^g) := {X el: KqQ Kx}- 

Notice that {\_\^^QF\yi{Kq)C\lq ) / K is a smooth manifold and a topological subspace 
of the stratified space i\_\qeQ^q)/^ ~ Lemma 

Proof. Assertion (i) is true since the vertical bundle is integrable: Indeed, $ := 
C,o A : TQ Ver defines a (generalized) principal bundle connection on Q ^ Q/K 
in the sense of Alekseevsky and Michor 2^. As usual, the curvature R associated 
to $ is given by i?(X,F) = $[X - V - By [3 Proposition 4.4] R and 

Curv'^ are related by 

i? = -C o Curv^ 

whence (i) follows. Using this relation again it follows that Cm:v^{v,(^z2){q) G tq 
and this is already sufficient for the purpose of this paper. However, using |21 
Proposition 4.7] and the Slice theorem for Riemannian actions the stronger result 
(ii) is true as well. Assertion (iii) follows also by using the Slice theorem. 

Clearly Curv'^ is X-equivariant. The element Cmv^ {v,w){q) is fixed by all h G Kq 
since this is true for q and horizontal vectors at q have isotropy at least Kq. Finally, 
the last conclusion is an obvious consequence of the above. It is only to notice that 
i\_\q^QFix{Kq) n iq)/K really is a smooth fiber bundle over Q/K which, again, is 
a consequence of the Slice theorem. □ 

We define a point-wise dual A* : Annt^ Ver* C T*Q by the formula A*(A)(w) = 
\{Aq{v)) where A e Anntg and v £ TqQ. Notice that A*(/Xq(p)) = p for aUp e Ver* 
and iiq(A*q{\)) = A for all A e Annt,. 
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4.2. Weinstein bundle construction. Using the liorizontal lift mapping which 
identifies Hor = {Q xqik T{Q/K)) and the mechanical connection A we obtain an 
isomorphism 

TQ = Hor e Ver {Q Xq^k T{Q/K)) Xq \JgeQ^t 

of bundles over Q. Via the Riemannian structure there is a dual version to this 
isomorphism, and to save on typing wo will abbreviate 

W := (g Xq/k T*{Q/K)) Xq UgeQAime, = Hor* ©Ver*. 

To set up some notation for the upcoming proposition, and clarify the picture 
consider the following stacking of pull-back diagrams. It will be reference point for 
the whole paper. 

W "'^^'^ > UgAnnI, (1) 

Qxqik T*{QIK) ) Q 

T*'7C — 7r 

T*{Q/K) > Q/K 

The upper stars in this diagram are, of course, not pull-back stars. It is in fact the 
transition functions that are being pulled-back, whence the name. 

Proposition 4.2 (Symplectic structure on W). There is a dual isomorphism 
^ = i,{A) ■ (Q Xq,k T*(Q/K)) Xq UgegAnneg = W ^ T*Q, 
iq,r],X) ^ {q,r] + A{q)*X) 

where we identify elements in {q} x T*^^{Q/K) with elements in Hor* via the dual 

of the inverse of the horizontal lift. 

This isomorphism can be used to induce a symplectic form on the connection de- 
pendent realization of T*Q, namely a — xp*fl where fl = —dO is the canonical 
form on T*Q. Moreover, there is an explicit formula for a in terms of the chosen 
connection: 

a={wo p)*^lQ/^ - dfs 

where Vfi/^ is the canonical symplectic form on T*{Q/K), and furthermore B G 
^^(UgAnniq) is given by 

B(q,X){vl,Xi) = {X,Aq{vi)). 

The explicit formula now is 

{dB)(^q^X){{Vl,Xl),{V2,X2)) 

= {X,Curvf{vi,V2)) + (A, [Zi,Z2]) - (Az.^i) + (Ai,Z2) 
where {q,X) G U^Annig, {vi,Xi) G T(,^A)(UqAnnt,) for i = 1,2, and 

= Cz, (q) ffi v]""' e Ver„ ffi Hor, 
is the decomposition into vertical and horizontal part with Zi t. 
Furthermore, there clearly is an induced action by K onW. This action is Hamil- 
tonian with momentum mapping 

/XA = M° V' : VV — > r, {q,r],X) i — > A, 
where /x is the momentum map T*Q ^t* , and ip is equivariant. 
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Proof. This proposition is proved in Hochgerner '14', Proposition 5.1]. However, 
the proof can be considerably simphfied using the relation a = = —^*d9, and 
we present this simplification. 

Let i e TW with Tij o p).£, = v e TQ and w = {q, -q, A) £ W. Then 

ireU^) - (ry + Al{\),v,) - ((^ o p)*0^''')u,{^) + f B)^{i) 
whence a = {ji o 'p)*QP/^ — dr B. It only remains to compute dB: 

{dB)(q,X){{vi,\l),{v2,\2)) 

= 'C(,;i,Ai)(S(u2, A2))(,,A) -'C(„,,A2)(-B(ui,Ai))(,,A) - 5('?,A)([(W1, Ai),(u2,A2)]) 

= f |oB(Fl("-^^)(q,A))(z;2,A2) - f |oi?(Fl^''^'(g, A))(«i, Ai) - (A, z;2] (g)) 

= f lo(FlfnA), A(Fl^(g))(^.2)) - i|o(Flf^(A),^(Fir(g))(^;i)) - {\A,[v,M{<D) 
= (Ai(A), Z2) - (A2(A), Zi) + (A,/:„,(yl(«2)), - CMvi))^ - A,[vi,v2]{q)) 
= (Ai(A),Z2) - (A2(A),Zi) + {X,dA,{vi,v2)) 
= (Ai(A), Z2) - (A2(A),Zi) + (A,Curv^(i;i,i;2)) + (A, [Zi, Z2]). 

□ 

5. Gauged Poisson reduction 

Let be a closed subgroup of our compact Lie group K. Let S* be a smooth 
manifold, and a : H x S S, {h, s) t-^ h.s a left action. We will be mostly 
interested in the case where S* is a slice for the ii'-action on Q, and a is the (trivial) 
slice representation. Consider the left actions l,r,t : H x S x K ^ S x K which 
are defined by 

I : {h, s, k) I — > (s, hk), r : {h, s, k) 1 — > (s, kh^^), and t : (/i, s, k) 1 — > {h.s, kh^^). 

The following lemma is elementary on the one hand as its computations are straight- 
forward. However, it is also tricky on the other hand since it involves a choice of 
sign in the definition of the fundamental vectorfield from Section [51 and there are 
many possibilities to get confused. Note also that we use the left multiplication to 
triviahze T*K ^ K xt*. 

Lemma 5.1 (Cotangent lifted actions). The lifted actions of H on T*{S x K) = 
T*S X K X t* corresponding to l,r,t are given by 

T*S X K xt — > T*S xKxr 

T*lh : {s,p,k,T]) I — > {s,p,hk,T]) 

T*rh : {s,p,k,ri) 1 — > {s,p, kh~^ , Ad* {h).r]) 

T*th ■■ {s,p,k,ri) I — > {h.s,T*ah.p, kh^^ , kd* {h) .rf) 

respectively, and where Ad* {h).ri := r]o Ad{h~^). Moreover, these lifted actions are 
Hamiltonian with respect to the canonical exact symplectic form on T*[S x K) = 
T* S X K X I* , and the corresponding momentum maps are given by 

T*S X K xi* — > f)* 



Ji 
Jt 



{s,p,k,7j)^{Ad*{k).v)\t) 
{s,p,k,f]) I — > -?7|i) 
{s,p,k,f]) I — > fJ.{s,p) - f]\t) 



where fi : T*S —> t)* is the canonical equivariant momentum map with respect to 
the Hamiltonian action T*a : H x T*S T*S. 
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Proof. The point here is the choice of sign in the definition of the fundamental 
vectorfield mapping in Section|21 Note also that the cotangent bundle momentum 
map ^ : T*S t)* is given by {^{s,p),X) — 9{Cx)i^iP) where is the Liouville 
form on T* S, and f2 = —dO is the cotangent bundle symplectic form. □ 

Let us introduce the abbreviation E := \_\g^Q-^'n'atq. 

Lemma 5.2. The natural projection p : E ^ Q is a smooth fiber bundle with 
typical fiber Annf), were H is an isotropy subgroup of K and [) is its Lie algebra. 

Proof. We trivialize at an arbitrary point go £ Q- We may assume Kq,^ — H. Let 
U C Q he a tube around K.q^ such that U = S x K/H as iiT-spaces, where S* is a 
slice at q^. Then it is possible to trivialize as 

U X {K X Anni))/H ^= S X K Annf) 

U = )• S X K/H 

with trivializing map given by 

S" X X Xh Annt) — > E\U, (s, [(fc, A)]) i — > (fc.s, Ad*(fc)(A)) 

where Ad*(A;)(A) := Ad(A;^^)*(A). This map is well-defined and smooth with in- 
verse given by 

(g, A) = [k.s, Ad* ik)iXo)) ^ (s,[(fc,Ao)]) 

which is well-defined and smooth as well. Notice furthermore that the trivializing 
map is if-equivariant with respect to the if -action on S x K Xh Ann [) given by 
g.{s, [{k, A)]) — (s, [{gk, A)]). Indeed, this follows immediately from Lemma IBTI □ 

Lemma 5.3. Let E := IJ^ggAnntq. 

(i) Let U <^ Q be a trivializing neighborhood for p : E Q as in the proof of 
Lemma \5.iA Then E\U is K-invariant, and if (L) is an element of the isotropy 
lattice for the K -action on E then the corresponding stratum is trivialized as 

{E\U)^L) = S x K XH iAnnl))^L,)H 

where Lq C H is an isotropy subgroup for the H-action conjugate to L in K , 
and {Lq)^ is the conjugacy class of Lq in H . Moreover, the strata of Anni)/H 
are of the form (Ann t))^^,^)^/-^- 

(ii) The induced mapping pQ : E/K Q/K is a singular fiber bundle with typical 
fiber Aim\)/H in the sense of DeRnition \H.l!A 

Proof. Let qo e Q with Kq^ = H. Then 

(90, A) e (U,eQAnnJ,)(i) = E^l) 

if and only if 

A e Ann () and H n Kx = Hx = Lq ^ L within K 
which is true if and only if 

A e (Ann())(i,^)ff 

where Lq is a subgroup of H conjugate to L within K. Notice that it follows from 
the Slice Theorem for Riemannian actions that (Ann i))(^La)" ^ smooth manifold, 
e.g. Palais and Terng 23 . Therefore, also the second assertion follows. □ 
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Theorem 5.4. There is a stratified isomorphism of stratified bundles over Q/K, 
in the sense of DeRnition \S.l!A 

= yj,\A) : {T*Q)/K T*{Q/K) Xq/k (U,eQAnn«,)/7^ W, 

[(g,p)]^(C*(<z,p),[(g,M9,p))]) 

where the stratification was suppressed. Here 

C* : T*Q Rot* T*{Q/K) 

is constructed as the point wise dual to the horizontal lift mapping C : T(Q / K) Xq/k 
Q — > Hor C TQ, ([q],v;q) — > Cq{v) associated to the connection A G ^^{Q]V). 

If (L) is an isotropy class of the K-action on T*Q, then maps the isotropy 
stratum (T*Q)(^^/K onto 

T*{Q/K) Xq,k (U,eQAnne,)(i)/i^ W^^l)- 

Moreover, the natural projection 

Ph"-^ ■■W^L)^T*iQ/K) 

is a smooth fiber bundle with typical fiber of the form (Aini\))(]^^-^H / H . Here Lq C H 
is an isotropy subgroup for the H-action conjugate to L in K , and (Lq)^ is the 
conjugacy class of Lq in H. 

Therefore, po : W ^ T*{Q/K) is a singular fiber bundle in the sense of Definition 

In the case that K acts on Q freely the first assertion of the above theorem can 
also be found in Cendra, Holm, Marsden, Ratiu ;8 . Following Ortega and Ratiu 
Section 6.6.12] the above constructed interpretation W of {T*Q)/K is called 
Weinstein space referring to Weinstein where this universal construction first 
appeared. 

Proof. We consider first the map 

ipo - MA) : {TQ)/K T{Q/K) Xq/k {U,eQ^i)/K, 
[{q,v)] ^ {T7T{q,v),[{q,Agv)]) 

the point- wise dual of whose inverse will be V'cT^. 

The spaces TQ and {TQ)/K are stratified into isotropy types. Since the base 
Q is stratified as consisting only of a single stratum, the equivariant foot point 
projection map r : TQ —* Q \s trivially a stratified map. Using the Slice Theorem 
on the base Q it is easy to see that both {TQ)/K Q/K and the projection 
{\_\g^Q^q)/K — > Q/K are singular bundle maps in the sense of Definition 13.131 

Hereby (Ugeg^g^)/-^ stratified into isotropy types. According to Davis jJO! or 
also Subsection 13.51 puUbacks are well defined in the category of stratified spaces 
and thus it makes sense to define T{Q/K) Xq/j^ {\_\qeQ^q) / ^ ^ stratified space 
with smooth structure. 

The map ipo is well defined: indeed, for (g, v) G TQ and k E K we have 

T7r{k.q,k.v) = {■n{k.q),Tk.qiT{Tqlk{v))) = (7r(g), Tg(7r o = Tg7r(u), 

and [{k.q, A{k.q,k.v))] = [{q, A{q,v))] by cquivariancc oi A. It is clearly continuous 
as a composition of continuous maps. Moreover, since C°°{{TQ)/K) — C°°{TQ)^ 
by Example 13. 101 it follows that cpo is a smooth map of singular spaces. 
We claim that lpq maps strata onto strata, and moreover we have the formula 

M{TQ\l)/K) = T{Q/K) Xq,k {Uq^Ql^)(L)/K. 
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Indeed, consider {q,v) G {TQ)(^i^), that is H Ci Ky = L' ^ L where H — Kq. The 
notation L' L means that L' is conjugate to L within K . Now we can decompose 
V a,sv = VQ®C,x[q) £ \lorq®Tq{K.q) for some appropriate X <El. Since Q consists 
only of a single isotropy type we have TqQ — TqQn + Tq{K.q) - which is not a 
direct sum decomposition. As usual, Qh — G Q : Kq — H}. This shows that 
vq e TqQn, since Hor^ — Tq{K.q)^ C TqQn, and hence H C Ky^. By equivariance 
of A it follows that 

KqnKy^Hn Ky„ n K^^t^q) = Hr\K(^^(q)^ KA(q.v) 

which is independent of the horizontal component. Hence the claim. The restriction 
of ipo to any stratum clearly is smooth as a composition of smooth maps. 
Since Aq{(x{q)) = X for X € we can write down an inverse as 

: ([g],«; [iq,Cq{v) + (xiq))] 

and again it is an easy matter to notice that this map is well defined, continuous, 
and smooth on each stratum. Again, it follows from the definition of the smooth 
structures on the respective spaces that ipQ^ is smooth. 

It makes sense to define the dual of the inverse map ipQ^ in a point wise manner, 
and it only remains to compute this map. 

{^,'[{q,p)],i[q],v;[iq,X)])) = {[{q, p)], [{q, Cqiv) + Cxiq))]) 

= {p,Cq{v)) + {pXx{q)) 
= {C*{q,p),v) + {^i{q,p),X) 

= ((C*(g,p),[(g,M9,p))]),(M,«; [{q,X)])) 
where we used the X-invariance of the dual pairing over Q. 

Finally, i/jq^ is an isomorphism of singular Poisson spaces: note first that the iden- 
tifying map W/K — *■ W, [(q; [g], 77; g. A)] i~> ([g], 77; [(g, A)]) is well-defined because 
Kq acts trivially on Hor* — T^^^{Q/K) 3 77 which in turn is due to the fact 
that all points of Q are regular. Moreover, by the universal property for singu- 
lar pull back bundles from Subsection 13.51 it is obvious that this map W / K ~^ W 
is smooth and has a smooth inverse. The quotient Poisson bracket is well-defined 
since C°°{W)^ C C°°{W) is a Poisson sub-algebra. The statement now follows 
because the diagram 

T*Q— > W 

{T*Q)/K W = yV/K 

is commutative, and composition of top and down-right arrow is Poisson and the 
left vertical arrow is surjective. 

Using Lemma together with Subsection l3.3l the global description of W/if ^ W 
as a fibered product thus follows. □ 

Next we shall construct a connection on p : E Q which will provide a connection 
on p : W Q Xq/k T*{Q/K). Recall the mechanical connection A G il.^{Q;i) 
from Sectional Consider the embedding 

l:E^T*Q, (g,A)^(g,A;(A)). 
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On Q : T*Q —^Qwe choose the canonical (with respect to the metric) hnear 
connection $(g) : TT*Q V{g). Consider the following diagram 

- *- ^ ^ V{p) = U(,a)GB Ann J, (2) 

TT*Q — ^ V{g) 
which induces a linear connection <E'(p) on p : E ^ Q. 
Lemma 5.5. The Diagram (0) is well- defined. 

Proof. We have to show that dp,\V{g) takes values in V{p) — U(g A)eBA'^^ ^9- 
Since ^q{A*{X)) = A for all A G Annfi, and q £ Q, it suffices to prove that 
(d/x(go,Po)(e(9o,Po))>^) = for fixed {qo,Po) G T*Q, ^ G r(F(e)), and X G 
Now, for arbitrary {q,p) G T*Q, 

= -(cr'^-^(0)('7,p) + (e.e(cr'^))(9,p) + 0([cr^.e])(9.p)- 

We have 

for aU {q,p) G T*Q and ^ G r(F(£-)), so 6'(^) = 0. Next we find 

9{Cx '^)(9o,p) = {p,T(qo,p)Q-Cx ^(qo^p)) = (pXxiqo)) = 
for all p G T*^ Q since X G by assumption. Since ^ takes values in the vertical 
subbundle V{g) and vertical bundles are integrable its fiow preserves fibers of g, 
that is Flf (go,Po) = {Qo,Pt) for some curve pt in T*^Q. Therefore, 

imCx'^mqo^Po) = iMPuCxiqo)) = iloO = 0. 

Finally, 

e{[cl''^,mq,p) = {p,T^,,p)g.[cl''^,mq,p))^o 

for all {q,p) G T*(5, since the fact that ('^ ^ and C^x are p-related as well as ^ and 

imphes that [(^j^ ,C\ and [Cjs:,0] = are £i-related, i.e. T'(9,p)^?•[CJs: = 0- 

This completes the proof. □ 

Via the puUback construction (see Diagram Q ) this also induces a linear connection 
onp-.W^Q Xq/k T*{Q/K). We denote this connection by A : TW V{p). 
Notice that V(g ,j j^)(p) = AnnJ^ by construction. 

The connection A and the momentum map pA '■= p o ^ : W —>■ t* are related by 

Aiq,7^,X){C) ^dpAiq.vAW, 
where G T(g ,j a)^, and {q,i],\) is short-hand for {q; [q],ri;q,X) G W. 
We will use the connection A to decompose an arbitrary vector ^ G r(g^ as 
£. = {v{q):'i]'{[q],T]);vi{q),iy{q,X)), 

where i^(g, A) = A{q,ri,X){£_) is independent of rj. Notice also that vi{q) = v{q) by 
the puUback property. Further we can decompose v(q) G TqQ according to 

v{q) = t;(g)h-(-' + Cz{q) G H,{n) © V,{n) 

with respect to the connection A on tt : Q ^ Q/K. The same can be done with 
^'(M,^) eT( (T*(g/if)) as 

'7'(M,^)=^'(M,^r''^^^+^'(M,^r'^'^^ei?(M,.)(T)©V^(M,,)(r) 
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with respect to the canonical connection on t : T*{Q/K) Q/K which comes 
from the induced metric on Q/K. Notice that we have '7'([g], ?7)'^°'*-^-' = v{q)'^°'^'^'^'' 
by the puUback property. 

Definition 5.6 (Vertical differentiation on p : W ^ Q Xq/k T*{Q/K)). Let 
e V(^q^r,,X){p) = Anne, and F e C°°{W). We define 



d 



F{q, 7], X + tv) 





to be the vertical derivative of F at (9,77, A). 

Definition 5.7 (Covariant differentiation on p : W — > Q ^q/k T*{Q/K)). Let 
X := 1 — A : rW — > Fl^p) denote the horizontal projection with respect to p. The 
covariant derivative of F G C°°(yV) is defined as d^F := dF o x- 

Lemma 5.8. Let F E C°^{'W)^ , and decompose the Hamiltonian vector field of F 
at (g, ?7, A) G yy as 

V'piq, A) = {v{q)] il'{[q],ri);v{q), v{q, A)) 

with v{q^X) — A{q, rj, X)(J\7p{q, rj, X)) according to above. Here a is the symplectic 
structure on W from Proposition\4. S\ Then, i^lq^X) — 0. 



Proof. This is a consequence of Noether's Theorem. We have 

Kg, A) = I(9,77,A)(V?,(g,?7,A)) = dA^^(g,77,A)(V?,(g,77,A)) = 0, 

since p,A is constant along flow lines of Hamiltonian vector fields of invariant func- 
tions. □ 

Lemma 5.9. Let F G C°° (W)^ , and decompose the Hamiltonian vector field of F 
at {q, 7], A) G W as 

VUq,7j,X) ^ iviqy,rj'i[q],7jy,viq),0). 

Then, 

rj'{[q],7j) ^ {n'^^/;^J'\d;,F{q,7j,X)), 

where we consider d^F(q,7j, X) as an element of T^^^^ ^^{T*{Q/K)) via the dual of 
the horizontal lift mapping. 

Recall that fl'^/^ denotes the canonical symplectic form on T*{Q/K). 

Proof. For the purpose of the lemma we may assume that the vertical part of the 
first entry vanishes, i.e A.r(rop).VJ. = with notation as in Diagram Thus we 
may simplify the problem by assuming that F G C°°{yV)^ factors through Trop, i.e. 
there is a smooth map / : T*{Q/K) R such that F = f on o p : W ^ R. Then, 
dxFi.q^'nA) = dxF{q,r],0) = df{{TTop){q,7],0)) = df{[q],7j). Now, the projection 

Q ^Q/K T*{Q/K) = p^i(O) » Pa\0)/K = T*{Q/K) 

is a Poisson morphism. Therefore, we find 

r,'{[qU) - T(,,,,o)(^ o p).V^(g, 7], 0) = Vf ^((i op){q, rj, 0)) 
= i^aiu)y\dfi[q],r^)) = {nQ!^'^J'\d;,F{q,r^,0)) 
which gives the assertion. □ 



SINGULAR, POISSON REDUCTION OF COTANGENT BUNDLES 



19 



Lemma 5.10. Let F G C°°{W)^ , and decompose the Hamiltonian vector field of 
F at {q, 77, A) G W as 

Via the connection A G fl^{Q;t) we can write 

v{q) = + Cziq) G H,{7:) ® V,{n). 

Then Z — —dyF{q, 77, A) G t^, and, moreover, Ad{h).Z = Z for all h G Kg. 

Proof. We work in tube coordinates around q £ Q. Thus let 5* be a slice through 
q for the X-action on Q such that U = S x K/H as if-spaces where ?7 is a tube 
around K.q and H ~ Kg. Then we have a .fT-equivariant isomorphism of symplectic 
manifolds 

W\U T*S X K Xh Annf) = T*S x T*K//aT*R{H) 

where the right hand side carries the obvious symplectic structure. Here T* R{H) 
is the cotangent lifted action of the right multiplication of H on if, and we use 
left multiplication to trivialize T*K = K x t*. This follows from Lemma f5. II and 
an argument similar as in the proof of Lemma 15.21 In particular, note that (as 
in Hochgerner jl4l Section 4]) the isomorphism is symplectic since it comes as 
the cotangent lift of a diffeomorphism of the base spaces. Since we already know 
that the part of the Hamiltonian vector field of F which is tangent to T*S is 
given by the local coordinates of iv{q)'^°'^^^\r]' {[q],ri)), we may further reduce the 
problem to considering a function F G C°°{K x^j Ann f))^ = C°° ( Ann f)/iJ ) . This 
identification is due to Lemma l5.3f ii). Now, referring again to Lemma l5. II we have 

if Anni) ^ T*K//oT*R{H), 

where T*R{H) is the cotangent lifted action of the right multiplication of H on 
and where we use left multiplication to trivialize T*K = K xt* . Thus, there exists 
a function Fi G C°°{T*K) C°°(iC x 6*) that is T*L(iC)-invariant (L denotes the 
left multiplication on K) and T*i?(iJ)-invariant such that the following diagram 
commutes: 

K X Ann ()C > K x i* 

Fi 

K Xh Ann [) > R 

We choose local cotangent bundle coordinates a^, bi where i = 1, . . . ,m on T* K = 
K X t* such that &i, . . . , 6/ are coordinates on [)*, bi+i, . . . ,bm are coordinates on 
Ann h, and such that -S—^ • • ■ , S- are a basis of h, and -rr^ — , . . . , jr— are a basis 
of t)^. Then for the canonical Poisson bracket on T*K we obtain 

-V|;:^(e,A) = {Fi,.r^(e,A) = 

rn m 
i=l i=l + l 

which is the vertical derivative of Fi identified with an element of l)"^ through choice 
of a basis. Since the projection K x Ann t) ^ K x h Ann f) is Poisson, Hamiltonian 
vector fields project to Hamiltonian vector fields, i.e. — Vj^-^(e, A) projects to 

w/fXff Ann h r/ \M ry 

~Wp " '[(e,A)] = -Z. 

Therefore, the Hamiltonian vector field of F on X x^ Annf) is [d^F^Q) which is 
tangent to the K/H-i&cior. Thus — Z = dyF{q,ri, A) G t^. 
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To see the second assertion let h E H and notice that 

Ad(/i).V^;^(e, A) = nR^-i.T,Lh.V];l''{e,X) = V|:;^(e, Ad*(/i).A) 

since Fi is both T*L{H)- and r*i?(iJ)-invariant. Let tth ■ -ft'x Annl) -» X//Annf) 
denote the projection. Then 

Ad(/i).Z = T^H.V|;;^(e,Ad*(/i).A) = V;;^^'^^™''[(/i,A)] =T^H.V|:;^(e,A) = Z 

since Fi depends only on the second factor, i.e. it is r*i(i^)-invariant. □ 

Theorem 5.11 (Poisson structure on Weinstein space). The identification 

W/K ^ W, [{q; [q],m q, A)] ^ ([q], 77; [{q, A)]) 

gives an induced Poisson bracket on C°°{W) — C°°{W)^ which makes the stratified 
isomorphism 

V-o = MA) : T*{Q/K) Xq/j, (U.egAnn ^ W {T*Q)/K 

from Theorem \5.4\ into an isomorphism of Poisson spaces. 

Let [(g,?7, A)] e W/K = W, and /i,/2 £ C°°{W). Assume that Fi,i^2 e C°°(W)^ 
are lifts 0//1, /2 to W. Then the induced Poisson bracket on W is given by 

{/i,/2r[(«,r/,A)] 

= ^aZ) ( Kilnf' '^'^APiil^ ^' ^))' ("m) (d^P^iq, V, A))) 

- {X,CuTy^{vi{qt°^<^^\v2{qt°'^''^)) - (A, ,7, A), d„F2(q, ry, A)]) 

where 51*3/^ is the canonical symplectic form on T*{Q/K), the covariant derivatives 
d^Fi{q,ri,X) are considered as elements of T*^^^ ^^{T*{Q/K)), and = 

Tt. (ri^^j^^) (d^Fi(q,ri,\)). Finally, Curv^ is the induced form on Q/K asso- 
ciated to the mechanical connection A from Proposition \4. 1\ 

In the case that K acts freely on Q the Poisson bracket on the reduced Poisson 
manifold T*Q/K is determined in Zaalani and in Perlmutter and Ratiu j24) . 
In the first paper the realization of T*Q/K as Weinstein space is used, the latter 
deals with its realization as Sternberg and Weinstein space. 

Proof. The first part of the theorem has already been checked in the proof of The- 
orem |0| 

Let /i,/2 e C°°{W) and let Fi,i^2 e C°°(W)^^' be its unique lifts to W. In 
order to establish the formula for the reduced Poisson bracket we decompose the 
Hamiltonian vector fields of Fi and F2 as above 

V?.,(g,ry,A) = («,(q); r/^([g], ??); v,(g), A)) {i = 1,2). 

With the intrinsic symplectic form ct on W from Proposition 14 . 21 we have 

{/i, f2}'^[{q, V, A)] = {F,,F2}'^{q, V, A) = a(V?,^, V?,J(g, 77, A) 

which turns to the desired formula by the identity ri[{[q], r/)h°'('^) = ^^(q)'^™^^), and 
Lemmas EHl and QUI □ 

The above theorem implies, in particular, that the embedding T*{Q/K) > as 
the zero section is a Poisson morphism when T* {Q /K) is equipped with its standard 
Poisson structure. Now, fixing A G (Ann t))(/^)ff defines a smooth embedding 

ix : T*{Q/K) = T*{Qh/N{H)) W^l), i[q],v) ^ UvA)] 

where q G Qh ■— {q E Q : Kq — H}, N{H) is the normalizer of H in K, and 
(i)^, {L) denotes the conjugacy class oi L C_ H in H, K respectively. A quick 
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inspection shows that l\ is, in general, not Poisson if T*{Q/K) carries its usual 
Poisson structure. An element A S t* is called totally isotropic if i\ — t. 

Corollary 5.12 (Charge). If X £ Annf) is totally isotropic then the embedding 
L\ : T*{Q/K) ^ W is Poisson if T*{Q/K) is equipped with the Poisson structure 
stemming from the magnetic symplectic form fl^ :— Vfi/^ — (A, r*Curv^). 

Proof. This is obvious from the formula of Theorem 15. Ill □ 

Due to the appealing similarity of the symplectic form f2^ with that appearing in 
electromagnetism Vl^ is called a magnetic symplectic form, and we think of the 
totally isotropic momentum value A as the charge of the testparticles moving in the 
electromagnetic field on the reduced configuration space Q / K. This analogy will be 
carried further in Section where we equip our particles with spin by considering 
general momentum values. See Guillemin and Sternberg |12l Section 20] for a 
discussion of electromagnetism in a symplectic framework. 

Since Hamiltonian vector fields associated to /sT-invariant functions are tangent to 
the isotropy type submanifolds we can define Hamiltonian vector fields on W as 
follows. Let / G C°°(VF) and F = (j)*f e C°°(>V)'^ where (jj : W ^ W is the 
projection. Then Vj?' which is characterized by 

is a stratified vector field on W in the sense of Subsection 13.31 Let : W(l) 
W(i) denote the restriction of (p to the isotropy stratum. 

Corollary 5.13 (Hamiltonian vector fields). Let [{q,ri, A)] e W^(L) = y^{L)/K and 
f e C°°{W) with unique lift F = 0*/- Then 

Vf [(g,ry,A)] = («„, (l^JJ/^^^) (d^F(g, r;. A)), ad*(d.F(g, ,7, A)).A) 

where we consider d^F{q,rj^X) as an element ofT*^^-^ ^^(T*{Q/K)) through the iso- 
morphism given by the dual of the horizontal lift with respect to the mechanical 
connection A on Q ~» Q/K. Moreover, vq := T([q]^)r. (il^^j^^) {d^F{q,r], X)). 

Proof. Notice firstly that 

V^Aq^vA) - {v{qt°''^''\ ("a£))'' {dxF{q,V,X)),ad*{-Z).x) e kerT(,^,,,)0(i) 

by Lemmas 15.81 15.91 and I5.1(JI and where —Z ~ dyF{q,r], X). We have vq = 
r<,7r.(w(g)h°'^W) then 

Vf [(g,77,A)] ==r(,,,,,)^(i).V?,(<z,77,A) 

= T(,,,,,)^(i).(t;(g)h-(-), {nf^f^J^' {d^F{q,^,X)),e.d*{-Z).X) 
= {vo, {n'^iZ^V' {d^F{q,^,X)),ad*{-Z).X). 
The last equality in the aligned equation is true since 

(Kg)'--W, (<f,)r' (d;i^^(<Z,ry, A)),ad*(-Z).A) 



is horizontal with respect to the projection (^(^-j : W(l) which is equipped 

with the structure of a Riemannian submersion. □ 
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6. SyMPLECTIC LEAVES 

It is well known that any smooth Poisson manifold foliates into smooth symplectic 
initial submanifolds. These symplectic submanifolds are the leaves of the integrable 
distribution with jumping rank defined by the Hamiltonian vector fields. In particu- 
lar, if (M, Lu) is a symplectic manifold which is acted upon in a Hamiltonian fashion 
by a compact Lie group K such that this action is free this is true for the quotient 
manifold M/K which carries an induced Poisson structure. Moreover, the symplec- 
tic leaves of M/K are simply the connected components of the Marsden-Weinstein 
reduced spaces M // oK where O is a coadjoint orbit. 

In the present context where M/K = {T*Q)/K is a singular Poisson space such a 
statement cannot be true in this form. (We continue to assume that Q is of single 
isotropy type, i.e., Q = Q{h) whence the cotangent lifted action has a non-trivial 
isotropy lattice ii H ^ {e}.) However, using that Hamiltonian vector fields associ- 
ated to if- invariant functions are tangent to isotropy type submanifolds {T*Q)(^ 
we can still define a characteristic distribution on {T*Q)(^i)/K, and find in Sub- 
section 16.31 that its symplectic leaves are the connected components of the smooth 
symplectic manifold T*{Q/K) Xq/k (UgsQ^ ^ Ann6g)(i)/i4r. This result is put 
into perspective in Subsection 16.21 where we recall the singular Weinstein space 
description of T*Q//oK ^ W//oK. 

6.1. Universal reduction procedure. The singular reduction diagram of Ortega 
and Ratiu |21l Theorem 8.4.4] adjoined to the universal reduction procedure of 
Arms, Cushman, and Gotay see also |21[ Section 10.3.2] applied to the Weinstein 
space has the following form. 

^,-/{0) i WW > w 



fi:,\0)/K f^-/{\)/K^^ > W/K = W 

where A £ /x^(W) and O is the coadjoint orbit passing through A. In this diagram 
the isomorphism fi'^ {X)/K\ = W//oK is an isomorphism of singular symplectic 
spaces with smooth structure, and the inclusion ii^^{X)/Kx ^ is a morphism 
of singular Poisson spaces. In the universal reduction scheme of Arms, Cushman, 
and Gotay T this morphism is actually used to equip fi'/^^{\)/K\ with a Poisson 
structure. Therefore, it is sensible to expect the smooth symplectic leaves of W 
to be the connected components of the smooth symplectic strata of yV//oK. The 
latter space is described in the next subsection. 

6.2. Symplectic reduction of W. Let O be a coadjoint orbit in the image of the 
momentum map ha : W — > 6*, and let (L) be in the isotropy lattice of the X-action 
on W such that Wf^) := fiA^{0) n >V(l) 7^ 0. Then we have 

the canonical embedding, and the orbit projection mapping 

^Pl) ■■ WfL) - Wf^)/K =: (W//oif)(L). 
Consider furthermore 

Pfi) : (UeQOnAnnt,)(i) - {\J,^qO H Anni,\i^)/ K 

and 

^fD ■■ (UegOnAnn!,);^) — .0, (9, A) ^ A 
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as well as the embedding 

jfL) ■■ (UgGQ^n Ann!,)(i) ^ U.eQAnntg. 

Finally, we denote the Kirillov-Kostant-Souriou symplectic form on O by il'^, that 
is r2'^(A)(ad*(X).A,ad*(r).A) = (A, [X,Y]). Remember from Proposition lO that 
the symplectic structure on W is denoted by a. 

Theorem 6.1 (Gauged symplectic reduction). Let Q — Q(h), let O be a coadjoint 
orbit in the image of the momentum map : W t* , and let (L) be in the 
isotropy lattice of the K -action on W such that W^^-j :— //^^(O) fl W(i) ^ 0. Then 
the following are true. 

(i) The smooth manifolds (W// oK)(^^ and 

{0//oH\lo)- =:(OnAnnf))(i„)H/F 

are typical symplectic strata of the stratified symplectic spaces yV/foK and 
O//0H respectively. Here Lq is an isotropy subgroup of the induced H-action 
on O and (Lq)^ denotes its isotropy class in H . 

(ii) The symplectic stratum (W'//e)X)(£) can be globally described as 

iyV//oK\L) = T*{Q/K) Xq,k (UegO n knnt,)(L)/K 

whence it is the total space of the smooth symplectic fiber bundle 

(0//oi/)(L„)HC > {W//oK)(L) >T*{Q/K) 

Hereby Lq is an isotropy subgroup of the induced H-action on O which is 
conjugate in K to L, and (Lq)^ denotes its isotropy class in H . 

(iii) The symplectic structure cr^^ on (>V//c)-?'^)(l) is uniquely determined and 
given by the formula 

More precisely, 

where (3f^s^ e 9.'^{{\_\^^qO n PL\miq)(L) / K) is defined by 

Finally B is the form that was introduced in Proposition ^. S\ Thus for {q, A) G 
(U,eQC'nAnne,)(i) and 

iv,,ad*{X,).X) e T(,^A)HeQ^n Anne,)(i) 

where i — 1,2 we have the explicit formulas 

i?(^,A)(«.,ad*(X,).A) = {X,A,{v,)) 

and also 

ad*(Xi).A), (,;2, ad*(X2).A)) 

= (A, Curv^K, t-2)) + (A, [X2, Zi]) - (A, [Xi, Z2]) + (A, [^1,^2]) 

where Vi — (zi (9) ffi vf°'^ € Ver^ Hor^ is the decomposition into vertical and 
horizontal parts with Zi € i. 

(iv) The stratified symplectic space can be globally described as 

W//0K = T*{Q/K) Xq,k U,^qO n knntjK 
whence it is canonically the total space of 

0//oH^ > W//0K > T*{Q/K) 
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which is a singular symplectic fiber bundle with singularities confined to the 
fiber direction in the sense of DeRnition XS.l^ 

Proof. Assertion (i) is a well-known principle of stratified symplectic reduction - 
see Ortega and Ratiu Section 8.4]. The other assertions are proved in [TH 
Theorem 5.5] □ 

6.3. Symplectic leaves oi W = W /K. Let O be a coadjoint orbit in the image 
of the cotangent bundle momentum map ^ : T*Q ^ i* . As before (L) denotes an 
isotropy type of the iiT-action on T*Q, and (Lq)^ denotes an isotropy type of the 
Ad*(iJ)-action on O. Let A e O n Annf) with KxC] H = Lq (= H. We want to 
make use of the Witt-Artin decomposition and thus denote the symplectic slice of 
the iJ-action on at A by 

V:^ (f5.Af"/(f5.A) 

where 51'^ denotes the positive KKS-form on O. Notice that this is well defined 
since H.\ — Ad*{H).X C O fl Ann() is an isotropic submanifold of O. (The H- 
action on O is Hamiltonian with momentum map O ^ tj* given by restriction to 
t).) By construction is a symplectic vector space. Thus this is also true for the 
linear subspace Vlo ■= {v V : Hy = Lq} of fixed symmetry type. 

Lemma 6.2. Under these assumptions (On Ann f))(^|j)ff is a smooth manifold and 
TA(On Ann[))(i^)H = T^[^]^o){H / Lq x Vl„). Furthermore, (O n Ann [})(i„)H/i/ is 
a smooth symplectic manifold and T[;^]((0 fl Ann = Vlo- 

Proof. This is a direct consequence of the Symplectic Slice theorem. See Ortega 
and Ratiu |2I Chapter 7] for a treatment of this theorem and [21 Section 8.1] for 
the way in which it is used. □ 

For notational convenience we abbreviate {O n Ann i))(^Lo)'' /H =: (C'//o-ff)(Lo)H • 

Lemma 6.3. Assume that [(g, ?7, A)] £ W(^l) = W(l)/K and f e C°°{W) with 
unique lift F = cj)* f . Let q G Qh and A G (Ann f))(-^g)ff where Q H is conjugate 
to L within K . Then 

Vf [(g,r;,A)] G r([,],,)(T*(Q/A')) x T[;,] (0//oi/)(i„)« . 

Moreover, the latter space is the real span of local Hamiltonian vector fields evaluated 
at [(9,?7, A)]. 

Proof. According to CoroUarv 15 . 1 31 we have 

Vf [(g,r;,A)] = (i;o, (f!^/^^)) (d^F(g, r;, A)), ad*(d.F(g, ,7, A)).A) 

where we consider d^F{q, rj, A) as an element of r^*^j {Q / K)) through the iso- 
morphism given by the dual of the horizontal lift with respect to the mechanical con- 
nection A on Q -» Q/K. Moreover, vq := T([g],,,)T. (^^q,]^^)) [dxFi'li'nA))- By 

Lemma we have to check that ad*(-Z).A G Vlq = ((t)--^)^ /(')--^))lo- Indeed, 
by Lemma lS.lOl it is true that Ad{h).Z = Z for a\\ h € H where Z := —dyF{q, rj, A). 
Thus [Z, t)] = whence ad*(-Z).A G (f).A)^^° and even ad*(-Z).A G {i).xf /(tj.X). 
Moreover, it follows that /i.ad*(-Z).A = ad*(-Z).A for all h G HnKx = Lq. How- 
ever, since ad*(— Z).A is also an element of the Riemannian slice of the ff-action 
on O at A it follows that i^a,d*(-z) a — ~ ^0 since this is a general feature of 
Riemannian slices. Therefore, ad*(— Z).A G Vlq, as claimed. 

The second claim follows by going again through the proof of Lemma [5. 101 □ 
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Let P(i) denote the coinduced Poisson two-tensor on • Then we may rephrase 
the above lemma by saying that 

Ai)(^[ta..A)]W^(L)) = Ti^[,U)iT*{QlK)) X r[,i(0//oi?)(L„)«. 
Thus we get the following theorem. 

Theorem 6.4 (Symplectic leaves). Let (L) be an element of the isotropy lattice of 
the K-action on W. Then the characteristic distribution of the coinduced Poisson 
structure on W(l) is given by 

P(L){T*W^L)) - nT*{Q/K) Xq/k (U.egO n Annt,)(i)/if ) 

whence the smooth symplectic leaves of a^e the connected components of the 

smooth symplectic manifolds 

{W//oK\l)^T*{Q/K) Xq/k (U,eQOnAnn«,)(i)/X. 

The symplectic form which makes the inclusion {W // oK)^^ ^ '^(L) ^ Poisson 
morphism as that of Theorem \6.1\ 

Proof. The statement about the integrability of the characteristic distribution is 
tautologous since it is described as the tangent bundle of a smooth manifold. The 
inclusion {W//oK)(l) ^ ^(i) is a Poisson morphism by the reasoning of Subsec- 
tion O □ 

6.4. Charge and spin. We shortly describe and interpret some special cases of 
Theorem 16.41 Retaining assumptions and notation of this theorem we additionally 
require that (Uqeg^^^q)/-^ ^ Q/K be a trivial vector bundle so that 

(Ugegt? n Annt,)(i)/if) - Q/K x O//0H and W//0K - T*{Q/K) x O//0H. 

If O//0H = {point} = {A} then we obtain the same result as in Corollarv l5.12l i.e. 
T*{Q/K) inherits the magnetic symplectic form D.^ n^/^ ~ (A,T*Curvo). 
If O//0H is non-trivial then W//0K = T*{Q/K) x O//0H with its induced sym- 
plectic structure 

niq, ry, [A]) = - (A, r*Curvo^} - nf^^ 

(where ft'-' denotes the reduced symplectic form on 0//qH obtained from the KKS- 
form on O) describes the phase space of a (color)-charged particle moving on Q /K 
under the influence of the field Curvp and with internal spin parameters corre- 
sponding to 0//qH. 

7. Examples 

7.1. Calogero-Moser space. In the spirit of Hochgerner J3] we can apply The- 
orem to obtain rational versions of spin Calogero-Moser systems. That is, let 
F be a real Euclidean vector space and K a connected compact Lie group that 
acts on V through a polar representation. Via the inner product we consider the 
cotangent bundle of as a product T*V — V x V. The canonical symplectic form 
fl is thus 

^^(a,Q)((ai,ai), (02, a2)) = (02, Oi) - (01,02) 
where ( , ) is the inner product on V . 

The cotangent lifted action of K is the diagonal action on V x V. According to 
Dadok ini we may think of the action by K on y as a symmetric space representation 
and thus consider tQ)V =: [ as a real semisimple Lie algebra with Cartan decompo- 
sition into t and V, and with bracket relations [t, t\ C [t, V] C V, and [V, V] C V. 
The momentum mapping corresponding to the i^T-action on r*y = y x is now 
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given hy fj, : V X V —>■ = {a,a) t-^ [a, a] = ad(a).a where we identify t = via 
an Ad(i4r)-invariant inner product. 

Let Vr denote the open and dense subset of consisting of regular elements. Follow- 
ing the ideas of Alekseevsky, Kriegl, Losik, Michor ^ we can interpret the Poisson 
reduced space {T*Vr)/K as the Poisson phase space of a rational spin Calogero- 
Moser system. Indeed, let H denote the free Hamiltonian on T*Vr and h its induced 
Hamiltonian on {T*Vr)/K. Then the Hamiltonian vector field of h computed by 
Theorem l5 .111 and its Corollarv l5.13l is exactly minus the one of the Calogero-Moser 
Hamiltonian in Section 6.5]. (The difference in the sign comes from a different 
convention in defining the Hamiltonian vector field of a function.) According to 
Section El the smooth symplectic leaves of {T*Vr)/K are given by the connected 
components of smooth strata of {T*Vr)//oK where O is a coadjoint orbit in t*. 
The latter space is described in |14[ Section 6.3]. 

7.2. Orbit type SO{b) / S0{2,). Let SO{b) act on fi-^ C x M'"^ through the 
diagonal action. We denote by Q the open and dense subset of elements (y,w) S 
S"^ C X such that v and w are linearly independent. Clearly, Q is preserved 
by the S'0(5)-action, and constitutes, moreover, the regular stratum with respect 
to this action. Thus Q is of single isotropy type, and this type is easily seen to be 
H := SO{i) C 5*0(5) =: K. Writing K as a matrix group we embed H in the 
usual way in the lower right corner. The orbit space Q / K can be diffeomorphically 
identified with the open disk of radius 1 in K^, and the projection Q ^ Q/K is 
a (non-principal) fiber bundle with typical fiber K/ H . 

We consider the cotangent lifted /iT-action on T*Q. This is clearly a non-free action 
with a non-trivial isotropy lattice. By Theorem 15 . 1 II the singular Poisson reduced 
space with respect to the lifted if-action is of the form 

T*B'^ X Ann[)/Ad*(i?), 

since the bundle (Ugeg^™^?)/-^ ^ Q/K = is, in this case, trivial. Using the 
trace form we identify Ann [) with [)^. Now, the map 

is a linear isomorphism that is equivariant for the 7J-action on the right hand 
side which acts trivially on the K-factor and in the standard diagonal way on the 
'M? X R'^-factor. Thus the singular Poisson reduced space with respect to the lifted 
iiT-action is of the form 

T*B'^ X M X x^R^. 

However, the induced Poisson structure is not obvious at all (if we did not have 
Theorem 15. 11(1 . The stratification is the product stratification induced by the ob- 
vious stratification of (R^ x 'S?)/H. Notice also that the induced form Curv^ on 
B^ which comes from the mechanical curvature is by Proposition 14 . II R- valued and 
evaluates on the t-factor. 

In order to get a non-trivial symplectic leaf of T*B^ x Ann f)/ Ad* (i? ) let 

/ 1 1 0\ 

-1 -110 

A:= -1 1 

-1 

Vo / 

and O be the (co-)adjoint orbit through A. Doing the appropriate linear algebra one 
sees that dimtA = 2, dimt;^ = 8, f) n £a = {0}, and dimf)^ n £f = 5. Doing a little 
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more linear algebra the symplectic normal space (see, in particular, Subsection l6.3(l 
to the if-action on O at A computes to be 



: a e . 



/ t a 

-t t a 
V = { -a -t 
-a 
\ 

Since \)fMx = {0} we thus get Vl^ = V whence T^x]{{0 n Ann ^)(Lo)" 1^) = ^- In 
particular, the symplectic leaf passing through 







T*B'^ X {[A]} C r*B^ X Ann[)/Ad*(iJ) = T*B^ 



is 6-dimensional. Further and more detailed investigation into this example is 
written up in jl5| . It actually turns out that the mechanical curvature yields a 
magnetically non-trivial symplectic structure on T*B^. 
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